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ON THE RANGE OF WEIGHTED PLANAR CAUCHY TRANSFORM
A. GHANMI
Abstract. We describe the range of of weighted Cauchy transform and its k-Bergman projec-
tion when action on weighted true poly-Bargmann spaces constituting an orthogonal Hilbertian
decomposition of the Hilbert space of Gaussian functions on the complex plane.
1 Introduction
The Cauchy transforms on bounded regular domains and their boundaries are well
studied and has been investigated by many authors, see for instance [3, 4, 5, 15, 33,
28, 22, 11, 13, 10] and the references therein. This rich literature is due to their use in
solving the ∂-equation, in developing theory of holomorphic functions [21] and in proving
interpolation theorems [27] as well as in providing simple proof of Corona theorem [17].
One of the fundamental examples of weighted Cauchy transform on the whole complex
plane is that associated to the Gaussian measure dµ = e−|z|2dxdy and defined by
Cµf(z) := 1
pi
∫
C
f(ξ)
z − ξ dµ(z) (1.1)
on L2µ, denoting as usual the Hilbert space L2(C, dµ) of all square integrable complex
valued functions with respect to the scalar product
〈f, g〉 :=
∫
C
f(z)g(z)dµ(z).
The singular integral operator in (1.1), as operator from L2µ into L2µ, is bounded, compact
and belongs to the p-Schatten class for every p > 2. The spectral properties of Cµ has
been investigated in [16, 23]. In [16], Dostanić gave the exact asymptotic behavior of the
singular values of Cµ and PCµ, where P denotes the orthogonal projection operator onto
the classical Bargmann space A2 constituted of all holomorphic functions belonging to L2µ.
The generalization to the polyanalytic setting was considered by the brothers A. and A.
Intissar in [23]. This was possible making use of the Hilbertian orthogonal decomposition
L2µ =
+∞⊕
n=0
A2n, where A2n = Ker(∆ − n) are the L2–eigenspaces of the Landau operator
∆ = ∂z∂z−z∂z with A20 = A2. The key result in [23] is the explicit action of Cµ in (1.1) on
the Itô–Hermite polynomials constituting an orthogonal basis of L2µ. In fact, the functions
CµHm,n are given by
(CµHm,n)(z) = −e−|z|2Hm−1,n(z; z). (1.2)
Moreover, for varying m = 0, 1, · · · , and fixed n, (resp.for varying m = 0, 1, · · · , and fixed
m) they constitute an orthogonal system in L2µ.
In the present note, we complete the study provided in the afore mentioned papers
[16, 23] related to Cµ in L2µ. Mainly, we provide complete description of which polyanalytic
functions on the whole complex plane can be represented as weighted Cauchy integral in
Dedicated to the memory of Ahmed Intissar passed away in July 26, 2017.
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(1.1). This leads to the identification of the range of the operator PnCµ, where Pn denotes
the orthogonal projection on A2n given by
Pnf(z) =
1
pi
∫
C
Ln(|z − ξ|2)ezξf(ξ)dµ(ξ). (1.3)
To explore these ideas, we begin by reviewing in Section 2 the basic properties of the
Itô–Hermite polynomials and their associated weighted poly-Bargmann spaces A2n. Our
main results on the range of of weighted Cauchy transform and its k-Bergman projection
on A2n and L2µ are presented and proved in Section 3.
2 Preliminaries
The Itô–Hermite polynomials involved in (1.2) are the basic example of bivariate real
Hermite polynomials that are not simply a tensor product of univariate real Hermite
polynomials. They are due to Itô [26] and play a crucial role in the framework of complex
Markov process and constitute an orthogonal basis of L2µ. They have been intensively
studied and found several applications in the nonlinear analysis of traveling wave tube
amplifiers [8], in spectral theory of some second order differential operators [32, 30, 20],
in the study of some special integral transforms [23, 9], in coherent states theory [2, 1],
combinatorics [25] and in signal processing [31, 14]. They are defined by their Rodrigues’
formula [26]
Hm,n(z, z) := (−1)m+ne|z|2∂mz ∂nz
(
e−|z|
2)
, (2.1)
where ∂z and ∂z, as usual, denote the first order partial differential operators
∂z =
∂
∂z
:= 12
(
∂
∂x
− i ∂
∂y
)
, ∂z =
∂
∂z
:= 12
(
∂
∂x
+ i ∂
∂y
)
. (2.2)
The hypergeometric representation for Hm,n in terms of the Kummer’s function 1F1 reads
Hm,n(z, z) = cm,n
zmzn
|z|2min(m,n) 1F1
( −min(m,n)
|m− n|+ 1
∣∣∣∣∣|z|2
)
(2.3)
=

(−1)mn!
(n−m)!z
n−m
1F1
( −m
n−m+ 1
∣∣∣∣∣|z|2
)
; m ≤ n
(−1)nm!
(m− n)!z
m−n
1F1
( −n
m− n+ 1
∣∣∣∣∣|z|2
)
; m ≥ n,
(2.4)
where m ∧ n = min(m,n), m ∨ n = max(m,n) and
cm,n :=
(−1)min(m,n) max(m,n)!
|m− n|! . (2.5)
This last representation is the convenient one for extending Hm,n to include negative
index, leading to what we call here extended Itô–Hermite functions. For further basic
properties of Hm,n, we refer to [23, 19, 18, 20, 25, 24].
By considering the formal adjoint of ∂z in L2µ, given by ∂∗z = −∂z+z, we can see that the
operator ∆ = ∂∗z∂z = −∂z (∂z − z) ∂z is the usual Landau magnetic Laplacian describing
the movement of a single charged particle in the complex plane under the action of an
uniform magnetic field applied perpendicularly. The concrete spectral analysis of such
Laplacian is well known in the literature, see for instance [7] and the references therein.
Thus, the L2-eigenspaces A2n := ker(∂z∂∗z −nId) form an orthogonal Hilbertian decompo-
sition of L2µ. More explicitly, they are characterized as the closed Hilbert subspaces of all
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convergent series
f(z) =
+∞∑
j=0
Hj,n(z, z)αj,n,
+∞∑
j=0
j!|αj,n|2 < +∞. (2.6)
Moreover, they are exactly the so-called true poly-Bargmann spaces in the terminology
of Vasilevski [34] realized as specific closed subspace of (n+ 1)-polyanalytic L2-functions.
We conclude this section by noticing that A2n is a reproducing kernel Hilbert space and
the {Hm,n;m = 0, 1, 2, · · · } is an orthogonal system of it. Thus, the expansion series of its
reproducing kernel function w 7−→ Kn(z, w) = Kn(w, z) ∈ A2n in terms of the Itô–Hermite
polynomials reads
Kn(z, w) =
∞∑
m=0
Hm,n(z, z)Hn,m(w,w)
pim!n! , (2.7)
since Hm,n(z, z)/
√
pim!n! form an orthonormal basis of A2n, while the closed expression of
Kn in terms of the Laguerre polynomials is given by [7]
Kn(z, w) = e
zw
pi
Ln(|z − w|2), (2.8)
so that the orthogonal projection f 7−→ Pnf of L2(C, dµ) onto A2n reads Pnf(w) =
〈Kn(·, w), f〉.
3 The range and the null space of Cµ
We begin by noticing that (1.2) shows clearly that for every m;n = 0, 1, 2, · · · , the
image ψm,n := CµHm,n belongs to L2µ. Therefore, the functions ψm,n can be expanded,
according to the orthogonal decomposition of L2µ in terms of A2n, as
ψm,n =
+∞∑
n=0
ψ˜m,n
with the component ψ˜m,n are given by ψ˜m,n := Pnψm,n ∈ A2n. Accordingly, our first aim
below is to look for the explicit expression of ψ˜m,n. To this end, we use εp to mean 1 for
nonnegative integer p and 0 otherwise.
Proposition 3.1. We have
Pn(CµHj,k)(z) = εn+j−k−1 (−1)
n+k(n+ j − 1)!
2n+jn!(n+ j − k − 1)!Hn+j−k−1,n(z, z). (3.1)
Proof. From the expansion series of the reproducing kernel Kn of A2n in terms of the
Itô–Hermite polynomials given through (2.7) and the explicit expression of ψj,k = CµHj,k
given through (1.2), it follows
Pn(ψj,k)(z) = −
∞∑
m=0
Hm,n(z, z)
pim!n!
∫
C
Hn,m(w,w)Hj−1,k(w,w)e−2|w|
2
dλ(w).
The hypergeometric representation of Hj,k infers
Pn(ψj,k)(z) =
∞∑
m=0
Hm,n(z, z)Jm,n,j,k
where we have set
Jm,n,j,k := −cn,mcj−1,k
pim!n!
∫
C
wnwmwj−1wk
|w|2(m∧n+(j−1)∧k)Rm+1,n,j,k(|w|
2)e−2|w|2dλ(w)
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and
Rm,n,j,k(t) := 1F1
( −(m− 1) ∧ n
|m− 1− n|+ 1
∣∣∣∣∣t
)
1F1
( −(j − 1) ∧ k
|j − 1− k|+ 1
∣∣∣∣∣t
)
. (3.2)
By passing to polar coordinate, the expression of Jm,n,j,k reduces to
Jm,n,j,k = −2cn,mcj−1,k
m!n! δn+j,m+k+1
∫ ∞
0
rn+m+j−1+k
r2(m∧n+(j−1)∧k)
Rm+1,n,j,k(r2)e−2r
2
rdr.
Therefore, the only nonzero term in such expansion of Pn(CµHj,k)(z), when n+ j ≥ k+ 1,
corresponds to the special case m = n+ j − k − 1. Otherwise, Pn(CµHj,k)(z) = 0. Thus,
we have
Pn(ψj,k)(z) = εn+j−k−1Jn+j−k−1,n,j,kHn+j−k−1,n(z, z). (3.3)
The occurring integrals are clearly convergent. For the explicit computation of Jn+j−k−1,n,j,k
can be handled by distinguishing two cases j ≥ k+1 and j ≤ k+1, and making appeal to
the integral formula for the product of two confluent hypergeometric function [29, p. 293],
and the Gauss’s theorem giving the special value of the Gauss hypergeometric function
2F1 at x = 1. Indeed, we have
Jn+j−k−1,n,j,k = − cn+j−k−1,ncj−1,k(n+ j − k − 1)!n!
∫ ∞
0
t|j−k−1|Rn+j−k,n,j,k(t)e−2tdt
= − cn+j−k−1,ncj−1,k(n+ j − k − 1)!n!
Γ(|k + 1− j|+ 1)
2(n+j−k−1)∧n+(j−1)∧k+|k+1−j|+1
× 2F1
( −(n+ j − k − 1) ∧ n,−(j − 1) ∧ k
|k + 1− j|+ 1
∣∣∣∣∣1
)
= (−1)
n+k+1Γ(j + n)
2n+jn!Γ(−k + j + n) .
Finally, inserting this in (3.3) yields (3.1). 
The following result describes the range R`n = PnCµ(A2`) of the restriction of PnCµ
to the true poly-Bargmann space A2` for given nonnegative integer `. We also consider
R˜`n = PnCµ(A˜2`), where A˜2` := Span{Hl,n; n = 0, 1, 2, · · · }.
Theorem 3.2. The following assertions hold trues
i) The space R`n is an infinite vector space spanned by Hn+j−`−1,n; j ≥ max(0, `+1−
n).
ii) The space R˜00 is trivial, R˜00 = {0}.
iii) For ` + n > 0, R˜`n is a finite dimensional vector space of dimension n + `. An
orthogonal basis of R˜`n is given by Hk,n(z, z); k = 0, 1, · · · , n+ `− 1.
Proof. Starting from the expansion in (2.6) for for given f ∈ L2µ, we can write
PnCµf(z) =
∞∑
j,k=0
Pn(CµHj,k)(z)αj,k.
Thus, by rewriting the double summation as
∞∑
j,k=0
=
∑
j<0∨(`+1−n)
∞∑
k=0
+
∞∑
j=0∨(`+1−n)
n+j−1∑
k=0
+
∞∑
j=0∨(`+1−n)
∞∑
k=n+j
,
we get from Proposition (3.1)
PnCµf(z) =
∞∑
j=0∨(1−n)
n+j−1∑
k=0
(−1)n+k+1Γ(j + n)
2n+jn!Γ(n+ j − k)Hn+j−k−1,n(z, z)αj,k. (3.4)
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So that for f ∈ A2` , we have αj,k = 0 for every k 6= ` and the previous expression (3.5)
reduces further to
PnCµf(z) =
∞∑
j=0∨(`+1−n)
(−1)n+`+1Γ(j + n)
2n+jn!Γ(n+ j − `)Hn+j−`−1,n(z, z)αj,`.
This proves (i).
Similarly, for the case of f ∈ A˜2` , we have αj,k = 0 for every j 6= `, so that (3.5) gives
rise to P0Cµf(z) = 0 when ` = n = 0, and therefore
PnCµf(z) =
n+`−1∑
k=0
(−1)n+k+1Γ(`+ n)
2n+`n!Γ(n+ `− k)Hn+`−k−1,n(z, z)α`,k (3.5)
whenever n+ ` > 0. For any ` such that n+ ` > 0, the k such that k ≤ n+ `− 1 satisfy
n+ `− 1− k ≥ 0. 
Remark 3.3. The spaces R`n (resp. R˜`n); n, ` = 0, 1, 2, · · · , are pairwise orthogonal with
respect to n, independently of `, and form a decreasing (resp. increasing ) sequence of in
`, for fixed n. Indeed, we have R`n ⊃ R`+1n and R˜`n ⊂ R˜`+1n .
The characterization of the full range of Cµ on L2µ by means of their k-Bergman projec-
tions Pn requires further investigations. However, by considering the spaces
E+j = span{ψn,n+j; n = 0, 1, 2, · · · }
and
E−j = span{ψn+j,n; n = 0, 1, 2, · · · },
for given nonnegative integer j, we can prove the spaces E`, for varying integer ` =
· · · ,−2,−1, 0, 1, 2, · · · , defined by E` = E+|`| for ` ≥ 0 and E` = E−|`| when ` < 0, form an
orthogonal Hilbertian decomposition of the range of the weighted Cauchy transform Cµ
in L2µ.
Theorem 3.4. We have
Cµ(L2µ) =
⊕
`∈Z
E`.
Proof. We begin by showing that the spaces E` are mutually orthogonal in L2µ. By direct
computation, using (1.2), (2.3) and Fubini’s theorem, infers
〈ψm,n, ψj,k〉 =
∫
C
ψm,nψk,j(z)e−|z|
2
dλ(z) (3.6)
= cm−1,ncj−1,k2 Am,n,j,k
∫ ∞
0
tm+n−1
tmin(m−1,n)+min(j−1,k)
Rm,n,j,k(t)e−3tdt, (3.7)
where cm,n and Rm,n,j,k are as in (2.5) and (3.2), respectively. This shows that the orthog-
onality of the system (ψn,m)m,n in L2µ is equivalent to the nullity of the angular part given
by Am,n,j,k = 2piδm−j,n−k. Thus, for m − j = ` 6= n − k = `′, we have 〈ψn,m, ψk,j〉H = 0.
This proves in particular that the E`; ` ∈ Z, form an orthogonal sequence in L2µ. Sub-
sequently, from general theory of functional analysis, the orthogonal sum ⊕`∈ZE` is a
closed subspace of L2µ. The inverse inclusion is clear. 
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